Continuous probability distribution
A probability density function (p.d.f) is continuous if it takes on values between an interval.

Properties of a continuous probability density functions

(i) [fx)dx =1
(ii) f(x)=20

Example 1

kx 0<x<5

A random variable X of continuous p.d.f is given by f(x) = {O elsewhere

Find the value of k

Solution
5 52 0%\ _ 2
Jo kxdx =1 k(z 2)—1 k:E
xz 5 _ kE = 1
k [7]0 =1 2
Example 2
kx 0<x<?2
A random variable X of a continuous p.d.f is given byf (x) = { 2k(x — 1), 2<x<4
0, elsewhere
Solution
2 4 22 02 42 22 _
ke + ffok-nax=1 | (F-3)+2{(F-4)- (F-2)1
%2 e A 2k + 8k = 1; k= —
k[7]0+2k[?—x]2—1 10

Sketching f(x)

- find the initial and final points of f(x)
- join the initial and final points of f(x) using a line or curve.



Note
- Alineisintheformofy=mx+c
- Acurve has a power of x being 2 and above or fractional power e.g. y = x%.
- Acurve has a positive coefficient of x> has a minimum turning point while a curve with a
negative coefficient has a maximum turning point
Example 3
kx 0<x<3

A random variable x of a continuous p.d.f is given by f(x) = {

Find the value of the constant k and sketch f(x)

0, elsewhere

Solution x)
A
xdx = == 2
J) kxdx =1 = 2
9 A E d
7’ wh 0,fx)=2x0=0 ’ Iy i
k[7]0=1 enx=0,f(x)=5x0= o |
(g_o_z)zl Whenx=3,(x)== x3 == R
22 0 3 x
Example 4
kx, 0<x<3
A random variable X of continuous p.d.f is given by f(x) =1{ k(6 — x), 3<x<6
0, elsewhere
Find the value of the constant k and sketch x
Solution
f
S kxdx + [{k(6—x)dx =1 | Whenx =0, f(x) = k(0) = 0 N
3k
293 216 When x = 3, f(x) = k(3) = 3k %
k[x—] +k [6x —x—] =1 enx =3, flx) =k(3) N Y
2lp 213 D £
When x = 6, f(x) = k(6-6) = 0 S 6,
1 &
k== , _
9 T T
0 3 6 X
Example 5
k(x +2), —2<x<0
A random variable x of a continuous p.d.fis given by f(x) =1 k(2 — x), 0<x<2
0, elsewhere
Find the value of k and sketch f(x) f(X)‘
A
When x = -2, f(x) = k(-2+2) =0 1
f_02 k(x + 2)dx + foz k2 —-x)dx =1 2k _\3{1/\ %
. , When x = 0, f(x) = k(0 +2) = 2k N /\\f
x? x%1° \-D Q
k[7+2x]_2 +k[2x‘7]0 =1 When x = 2, f(x) = k(2-2) = 0 5 %
k=1 -2 0 2 x
4




Finding Probabilities

Example 6
. . L _(kx 0<x<6
A random variable X of a continuous p.d.f is given by f(x) = { 0. elsewhere
Find
(i) the value of k (ii) P(X >4) (iii) P(X< 3) (iv) P(1<x<3) (v) p(X> 2/X<4)
Solution
(i) Jf kxdx = o
216 62 02 (iii)1<x<3):Ef1 xdx =1
x —_—
k5], = k531 e
1 == x_] =L[3__1_
k=1_8 18[2 1 18l2 2
- 1 6 _
(ii) P(X>4)—Ef4xdx— 5
1x21® 1162 42 5 =§ = 0.2222
=[] = 2[5 -4 ] =2=05556
18l21, 18l2 2 9
1 (3
(iii) P(X<3) =Ef0 xdx =1
213 2 2
=i x_] =i[3——0— :l: 0.25
18l21p 18l2 2 4
1 4
: P(X > 2/ )_ P(X>2NXs4 _PQ2<X<4) _ gl xdx=1 _ 3
(iv) X<4)" px=e) ~ pPxs&) = Lyfxax=1" 4
Example 7
kx(6—x) 0<x<6

A random variable X of a continuous p.d.f is given by f(x) = {

Find the (i) value of k and sketch f(x) (ii) P(X = 5)

() [ kx(6—x)dx =1

(o 2] = el ) - (3 -2) | =

When x = 0, f(x) =%(0)(6 —0)=0
When x = 6, f(x) =3—16(6)(6 —6)=0
(ii)

P(X > 5) =i f:x(6 — x)dx

s I (CTEORICE

Sketch

f(x)

0, elsewhere

]



Example 8

kx? 0<x<4
0, elsewhere

A random variable of continuous p.d.f is given by f(x) = {

Find (i) value of k and sketch f(x) (i) P(1£x<3)
Solution
() [ kxdx =1 Sketch
4 f(x
S I b,
31p 3 3
3 3/
k=—

64

Whenx=0,f(x)=%02 -0

Whenx=4,f(x)=63—442=% 0 4 x
(i) Psx<3)==[Phxldx=1
313 3 3
=3 [x_] = 1[3__1_ = 0.4063
641311 64 L3 3

Example 9

k(x?+1) 0<x<3

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find (i) value of k and sketch f(x) (i) P(1£x<3)

(i) k(®+1)dx =1

[+ = 1]+ 9)- 4=

1
k=—
12

When x =0, f(x) = — (02 + 1) = —

12
When x =3, f(x) = —[32 + 1] = —
12 12
(i) P(1<x<3)
1302 2] = L[ 3) = (Br1)] =
She? +nax=g[5+x] = 5[(5+3)-(5+1)] = 0sss9
Example 10
k, 0<x<2
A random variable X of continuous p.d.f is given by f(x) = { k(2x — 3), 2<x<3
0, elsewhere

Find (i) value of k and sketch f(x) (i) P(X<1) (ii) P(X>2.5) (iv) (0 sXs2/ 0 1)



Solution
2 3 f(x)a
fO kdx + fz k(2x —3)dx =1 When x =0, f(x):k:i 3 PN
-1 ;»(1;“ 1
k[x]3 + k[x? —3x]3 =1 4 25
[x]O [x x]Z When X = 2' f(x) = k = % f(x) _ l ‘\\Q 3 :
=1 1/ 4 4 |
k=2 1 /4 : .
When x =3, f(x)=z(2x3—3) ! i
_3 0 2 3 x
.. 1l 1p4g 1
(i) P(X<1) = [y dx=;[x]5 =7
1 3 1
(ii) P(X > 2.5) = ZIZ.S(ZX — 3)dx =3 [x? —3x]35 = 0.3125
(iv) P (0 <X< 2/ ) _ Posx<2) _ P((0=sx<2)n(X=1)) _ %flz dx — 1 _1
X=1 P(x=1) P(x=1) flax a4 3
Example 11
k(x+2)?, —-2<x<0
A random variable X of continuous p.d.fis given by f(x) =< 4k, 0<x< g
0, elsewhere
Find
(i) the value of the constant k and sketch f(x)
(ii) P(-1<x< 1) (iii) P(X>1)
Solution Sketch f(x)
0 2 2 _ ==
Jo k(x +2)%dx + [ 4kdx =1
@+2)*1°
k[’“3 ]_2+4k[x]g =1
1
k= g
1 -2 0 2 x
When x = -2, f(x):g(-2+2)2 =0 3
When x =0, f(x) = % (0+2)2 =%
When x=i, f(x) =4xl =1
3 8 2
(i) P(-1 <x< 1) = [ k(x +2)2dx + [, 4kdx
_ 1[G’ Inqie 2y i1
_8[ 3 ]_12+4x8[x]0 = utiTn

() POX > 1) =3 4hedx a2 [x],3 =2



Finding the constant k from a sketch graph

Example 12
A random variable X of continuous p.d.f is given by f(x) = {

(a) Sketch and find the value of constant k

(b) Find (i) P(X < 1) (i) P(1 < x < 2)

Solution

(a) Whenx=0,f(x)=kx0=0
When x =4, f(x) =k x 4 =4k
f(x)

4k

Area under the curve =% x4x4dk =1

k=2
8

Example 13

A random variable X of a continuous p.d.f is given by f(x) = { k(4 — x),

(a) Sketch f(x) and find the value of k

kx 0<x<4
0, elsewhere

1

(b)(i) P(X< 1) = = [ xdx = ["7]0

1 (12 02) 1
g\2 2/ 16

(ii)P(1<x<2) =%f12 dx % [xz_z]l

kx, 0<x<2
2<x<4
0, elsewhere

(b) Find () PX<1) (i) P(x>3) (i) P(1<x<3) (v) P (X Z1/y _ )

Solution
When x=0, f(x) =k(0) =0
Whenx=2,f(x)=kx 2 = 2k

When x =4, f(x) =k (4-4) =0

f(x)
2k
//\C’\ /ZF S
‘\\\h ’F/y
N7
0 2 4 X

Area under the curve :% x4x2k=1

k==
4

1

(b)) P(X< 1) = 2 f} xcx =1 ["72]0

1/12 02 1
"2 (? - 7) )
(i) P(X >3) = 7 [;'(4 — x)dx
214
=2 [4x - 7] =0.125
3

(i) P(1 < x< 3)= %ff xdx + if;‘ 4 — xkdx

2
1[x? 1 x? 3
=_[_] +_[4x__] T
412117 4 21, 4



3

. X>1 _X21nX<3 _ P(1sx <3 _ 3/4 3/ s

(|V) P ( /X < 3) - X<3 - X<3 - %foz xdx+%f23 At hdx =7=7

8
Example 14

k, 2<x<3
A random variable X of a continuous p.d.f is given by f(x) = {k(x -2), 3<x<4

0, elsewhere

Find (i) the value of k and sketch the graph (ii) P(|X — 2.5] > 0.5) {(iii) P(|X — 2.5] < 0.5)
Solution

(i) When x =2, f(x) = k Area under the curve =1 x k +§(k +2k)x1=1

When x = 3, f(x) = k )
k==
When x = 4, f(x) =k (4 - 2) = 2k >

(i) P(JX — 2.5] > 0.5) = P(-0.5 < X-2.5<0.5)

f(x)
=P(2<X<3)
2k
//\(\\"‘:L\ 2203 gy = (413
| fx) =k 8O =5, dx = [x]3
=2
“s
2 3 4 X
Finding p.d.f from a sketch graph
Example 15
A random variable X of a continuous p.d.f is given by
f(x) P
k
2
y=3x
Forinterval 1< x< 3
0 1 2 3 Coordinates are (3,0) and (1, k)
grad = y__o = g__o
(a) Area=1=§x3xk x=3 1-3
1
k=2 y=—>@x-3)
3
(b) Find f(x) (2
Letf(x) =y §x, 0<x<1
For interval: 0 < x < 1 coordinates are flx) =11
(0,0) and (1, k) |§&—3L 1<x<3
kO, elsewhere




A continuous random variable X has a probability density function (p.d.f) f(x) as shown in the graph

Example 16
below
f(x)
k
0 1 2 X
(a) Find the
(i) value of k
(ii) expression for the probability density
function
(b) Calculate the
(i) The mean
(ii) P(X<1.5/X>0.5)
Solution

(i) Area under the graph =1
~x2xk=1; k=1

(i) Letf(x)=y
For interval: 0 < x < 1 coordinates are
(0, 0) and (1, k)

-0_ 1-0
grad = = =
x=0 1-0

y=x

(b)(ii) P(X<1.5/X> 0.5) =

Forinterval: 1 < x < 2 coordinates
are
(1, k) and (2, 0)

_y-1_0-1
grad—x_l— 2-1
y=2-—x
X, 0<x<1
f)=42—-x), 1<x<2
0, elsewhere

(b)(i) E(X) =X xf(x)

1 2
= [, x.xdx + [ x(2 — x)dx

{5, + -5,

1 1.5
P(x<15nx>0.5) _ P(0.5<x 1.5) _ [y xdx+[ ~(2—x)dx

P(X>0.5) P(X>0.5)

1—f00'5 xdx



Example 17

The departure time T of pupils from a certain day primary school can be modelled as in the diagram
below, where t is the time in minutes after the final bell at 5.00pm

f(t)
k

Determine the

(i) value of k
Area under the curve = 1
% x10x k =1
k==

5
(ii) equation of the p.d.f

Rt f(t) S(t f(t)

Z

A(0, 0) B(0, 10)

Gradient of AC = Gradient of AR

§70 _ -0

5-0 t=0
1 _fx®
25 t
f(x) =—t

Gradient of BC = Gradient of BS

1
50 _ f&)-o0
5-10 t=10

1 _f®
25 t—10
10—t
f(x) =
1
—t, 0<x<5
25

Hence f(x) =41 (10-¢), 5<x<10
25

0, elsewhere

(iii) E(T): since the graph is symmetrical about t = 5; Hence E(T) =5
(iv) Probability that a pupil leaves between 4 and 7 minutes after the bell
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P(4<t<7)=o [ tdx +— [] (10 — t)kdx

25
1 1e21° 1

7
T [7]4 + g5 [106 - %]5 =0.5

Revision exercise 1

(a)
(b)

. : o _ (kx? 0<x<2
A random variable X of a continuous p.d.f is given by f(x) = {O, elsewhere

Find the value of the constant k (=§ ) and sketch f(x)

Find (i) P(X>1) == (i) P(0.5< x £ 1.5) = 3>

—2<x<3

A random variable X of a continuous p.d.f is given by f(x) = {ko elsewhere

(i) Sketch f(x)

(ii) Find the value of the constant k = %

(iii) Find P(-1.6 £<x<2.1)=0.74

k(4—x) 1<x<3

A random variable X of a continuous p.d.f is given by f(x) = {0 elsewhere

(i) Sketch f(x)
(ii) Find the value of the constant k = i.
(iii) Find P(1.2<x<2.4)=0.66

k(x+2)? 0<x<2

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

(a) Sketch f(x)

(b) Find the value of the constant k = ie'
9 37

i ; 1 .
(c) Find () PO<x<1) = — (ii) P(X2 1) =
3
A random variable X of a continuous p.d.f is given by f(x) = { ke (x) 0sx=c
0, elsewhere

Given that P(X<0.5) = %

(i) Find the value of kand c (k=1 and k = 4)
(ii) Sketch f(x)
kx 0<x<4

A random variable X of a continuous p.d.f is given by f(x) = {0 elsewhere

(i) Sketch f(x)
(ii) Find the value of the constant k = %.
(i)  Find P(1<x<2.5)=0.328

k, 0<x<2
A random variable X of a continuous p.d.f is given by f(x) = {k(Zx —3), 2<x<3
0, elsewhere

(i) Sketch f(x)
(ii) Find the value of the constant k = %.

(i) Find (i) P(X >1) =§ (ii) P(X > 2.5) = 0.3125 (iii) P(1 < x < 2.3) = 0.3475



8. Arandom variable X of a continuous p.d.f is given by f(x) =

11

Find (i) value of a= % (ii) P(X < 1.6) = 0.9744

Expectation or mean of X

Example 18

A random variable X of a continuous p.d.f is given by f(x) = {

Find the
(i)
(i)
(iii)

Solution

value of the constant k and sketch f(x)
the mean, u
P(X< W)

f03 kx%dx =1
3

x3
k5,
When x = 0, f(x) :é 0?=0
When x = 3, f(x) =§ (3)2=1

(i)

f(x)

Example 19

A random variable X of a continuous p.d.f is given by f(x) = {

Find (i) the value of the constant k

f03 kx3dx =1
x*1?
e[, =1k=
(ii) mean

2
E(X) = %f; x.x3dx = i [%5]0 =16

1
(i) P(X<1)=t [ x%dx =i[xf]0 ~ 0.0625

a, 0<x<15
%(2 —x), 2<x<3
0, elsewhere
kx? 0<x<3
0, elsewhere

E(X) = f03 x.x%dx
3

(i)

1 [x*
= [T]o =225
1 02.25
(iii) P(X<n) =§f0 x2d
1 (41225
= 5151,
=0.42
kx3 0<x<?2
0, elsewhere
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Example 20
—x2 <x<
A random variable X of a continuous p.d.f is given by f(x) = {k(4x x7), 0sx=2
0, elsewhere
Find
(i) the value of constant k

I k(4x — x?)dx = 1
2
klox2 =X k=2
3 1o 16
(ii) E(X)
3 [4x3  x%]?

3 2 — 2 3 X
— Jo x(4x = x¥dx =— | -3 = 0.25

_3 1 2 _3 , o1 _
(i) P(Xs1)=2 [ (4x — x2)dx == [2x —?]0_0.3125

Example 21

3xk, 0<x<1

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

(i) Find the value of k (ii) Find the mean
1
3 xkdx =1 1
0 E(X) =, x(3x%)dx =3[>| =075
k11l 0
[k+1]0 =1 (iii) Find the value of a such that P(X <a) =0.5
e P(X<a)=3 [ x2dx = 0.5
k+1  k+1
3 _ P £l YT
k_+1_1 —3[?]0—3 -0°=0.5
k=2 =a’=0.5;a=0.794
Example 22
i 0<x<2
A random variable X of a continuous p.d.f is given by f(x) = (1 _ lx) )< x <4
47 )’ -7 -
0, elsewhere
(i) Sketch f(x)
1 f(x)
Whenx:O,f(x):Z x(0)=0
2k %z
1 b fV\
When x = 2, f(x)=Z x (2) =0.25 Y Ve
D Q
A\ N
When x = 4, f(x) :(1 -2 (4)) -0 %
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Mean

E(X) = ifoz x. xdx + f24x (1 — %x) dx
2 4

e -2

(ii) (iii) P(X > 3) =f34 (1 —ix) dx

=[x - "T:]: - 0.125

Example 23
k(x+2), -1<x<0
A random variable X of a continuous p.d.f is given by f(x) = {2k(1 — x), 0<x<1
0, elsewhere
(i) Sketch f(x) Sketch f(x)
When x = -1, f(x) = k(-1 + 2) =k 2k
)\ x
AN 4
When x = 0, f(x) = k(0 + 2) = 2k WA N
k %
2
When x = 1, f(x) =2k(1-1) =0 +
-1 0 1 x
(i) value of k
Area under the graph =1
%xl(k+2k)+ §x1x2k= 1
k=2
5
(iii) P (0 <x< OS/X > O)
4 .05 %2 0.5
p (0 <x< 0.5/ ) _ P(0<x<05) _ Efo' (1-x)dx _ [x—7]0 _ 3/g .
X>0 P(X>0)  2[l(1-x)dx '

(iv)

21t T 1/
= /2
Mean

2 0 4 r1
E(X) = Ef_lx(x + 2)dx + Efo x(1—x)dx

0 1
2 [x3 4 [x? x3 2
=—[—+ xz] +—[———] =-—

B E 1 "sl2z 3ly 15

Properties of the mean

(i)

(ii)
(iii)
(iv)

Example 24

A random variable X of a continuous p.d.f is given by f(x) = {

(i)
(ii)

E(a)=a

E(ax) = a.E(x)
E(ax+b)=aE(x) +b

E(ax-b) =aE(x)—-b

Where a and b are constants

—(x+3), 0<x<4

0, elsewhere

Sketch f(x)
Find E(X)



(iii) Find E(2X + 5)

Solution
. 1 3 . _1 4
(i) When x =0, f(x) = (0 + 3) = (i) E(X) =5 Jo xCe+3)dx
4
When x = 4, f(x) = — (4 + 3) == JL[x_3x?
20 20 201 3 2 1y
Sketch -2.266
f(x) (iii) E(2X + 5) = 2 X 2.266 + 5 = 9.533
7
20 A(x x?)
£00 %20
3
20
0
Example 25
=2, 0<x<2
A random variable X of a continuous p.d.fis given by f(x) =<3 6 — x) 2<x <6
2 ! -7 -
0, elsewhere

(i) Sketch f(x)
When x = 0, f(x) = 3% (0)2=0
When x = 2, f(x) =33—2 (2)? =§

When x =6, f(x) =% (6—6)=0

f(x)
3
° 9 ’747\\\3
)
,,2‘1? o (6\
@
0 2 4

(iv)  Find E(100x -20)

E(100X -20) = 100 x 2.875 — 20 = 267.50

Revision exercise 2

1. Arandom variable X of a continuous p.d.f is given by f(x) = {
(i) Sketch f(x) (i) Find E(x) =3

(ii) Find P(X< 4)

P(X<4) =33—2 foz x%dx + %f24(6 — x)dx

2 4

3 [x3 3 x?2 13
== +—=|6x ——| =—
32131y 32 21, 16

(iii) find the mean

E(X) =% foz x.x%dx + %f24x(6 — x)dx

2 6
3 [x* 3 x3
32041y 32 31,

=2.875

kx?, 0<x<4
0, elsewhere

(iii) find E(2X +5) =11



10.

11.

12.

15

kx?(10 —x), 0<x<4
0, elsewhere

(i) Find value ofk=ﬁ (ii) Find E(x) =6 (iii) find E(3X - 4) = 14

kx, 5<x<10
0, elsewhere
(i) Sketch f(x) (ii) Find value of k = 72—5 (iii) Find E(x) = 7’70 (iii) find P(X >8) =0.48
k[1-(x—2)?], 1<x<3
0, elsewhere

A random variable X of a continuous p.d.f is given by f(x) =

A random variable X of a continuous p.d.f is given by f(x) =

A random variable X of a continuous p.d.f is given by f(x) =

(i) Find value of k = % (ii) sketch f(x) (iii) find E(X) = 2
kx(5—-x), 0<x<5

A random variable X of a continuous p.d.f is given by f(x) =

0, elsewhere
(i) Find value of k = % (ii) sketch f(x)  (iii) find E(X) = 2.5
. . o _(k(1—cosx), 0<x<m

A random variable X of a continuous p.d.f is given by f(x) = 0, elsewhere
(i) Find value of k = % (i) sketch f(x) (iii) find mean of x =0.9342

kx, 0<x<3
A random variable X of a continuous p.d.f is given by f(x) = k 3<x<4

0, elsewhere

(i) Sketch f(x) (ii) find k = g (iii) find E(X) = 2.6
(iv) find value of c such that P(X>c) =0.85;c=1.5

k(x—-2), 1<x<3

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

Given that P(X> 1) = 0.8,
Find (i) values of a and k (12—5, —1) (ii) probability between 0.5 and 2.5 = 0.6667 (iii) E(X) =1.8

(k(x+2) -1<x<0
, . o 2k, 0<x<1
A random variable X of a continuous p.d.f is given by f(x) = { 2(5 — ) l<x<3
k 0, elsewhere

(a) Sketch the function f(x)
(b) Find the value of k (=12—3) and the mean (= %)

2kx, 0<x<1
A random variable X of a continuous p.d.f is given by f(x) = {k(3 —x)1<x<2
0, elsewhere
(a) Sketch f(x)
1

(b) Find the value of k (=§) and the mean = —

15
a(l —cosx), 0 <x < %
A random variable X of a continuous p.d.fis given by f(x) = 1 asinx, Tex<rm
S S XS
0, elsewhere
. . _2y g R . T 3m\ _
(i) Find value of a (= 7t) (ii) mean, p (=1 +4) (iii) P (3 <x< 4) =0.6982
kix, 1<x<3
A random variable X of a continuous p.d.fis given by f(x) ={k,(4 —x), 3<x<4
0, elsewhere

(a) Show that k; = 3k;
(b) Find (i) values of ki and k; (ii) mean, p
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A 1<y<k

13. Arandom variable X of a continuous p.d.f is given by f(x) =

Find

(i) Value of k =2
(i) Expectation Y = 1.6667
(iii) P(1<y<1.5)=0.2813

Solutions to revision exercise 2

8. Arandom variable X of a continuous p.d.f is given by f(x) = {

Given that P(X>1) = 0.8,
Find

(i) values of a and k (%, -1)
fosk(x—%)dx =1

fr- 2=

G- -1

(9a-6)k = 2a ............... (i)

Given P(X>1) =0.8

> [k(x—2)dx=08
k|- f]3=08
2 aly

k|G-2)-G-2)]=
(8a -4)k=1.6a ... (ii)

. .. 2
Egn.(i) and (ii),a=-1,k = =

9. Arandom variable X of a continuous p.d.f is given by f(x) = { 5(5 — )
2

(a) Sketch the function f(x)

For—1<x<0, f(x)=k(x + 2)

When x = -1, f(x) =k
When x =0, f(x) =2k

0, elsewhere

k(x—-2), 1<x<3

0, elsewhere

(ii) probability between 0.5 and 2.5
2 (25
P(0.5 <x<2.5) =~ Joo (x + 1)dx

, 2.5
e L f] - 0.6667
1512 algs

(iii) mean
E(X) = %f;x(x + 1)dx

3

3 2
=2+ 2| =18
1513 2 1y
(k(x+2) -1<x<0
2k, 0<x<1
1<x<3
kO, elsewhere
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For0 < x < 1, f(x) = 2k,
When x =0, f(x) = 2k
When x = 1, f(x) =2k Area under the graph =1
For 1<x < 3,f(x):§(5 —Xx)
When x = 1, f(x) = % (5—1) =2k

k k=2
When x = 3, f(x) = (5-3) =k 13

(b)(i) find value of k

%xl(k+2k)+1x2k+%x2(k+2k)=1

Sketch or
f(X) 0 1 k 3
2k ke JZ, (e + 2)dx +2k [ dx + 2 [[(5 —x)dx = 1
x2 0 1 k xz 3
o k[7+2x]_1+2k[x]0+5[5x—7]1 —1
A B C k =12_3
-1 0 1 2 2

(b) (ii) Find the mean

2 0 4 (1 13
E(X) = J_, x(x + 2)dx + [y xdx + 5[] x(5 — x)dx

0 291 2 313

2 [3 4 [x 1 [5x x 12

=—[—+x2] +—[—] +—[———] = =
1313 -1 13121y 13L 2 311 13

2kx, 0<x<1

10. A random variable X of a continuous p.d.fis given by f(x) ={k(3—x) 1 <x <2
0, elsewhere

(a) Sketch f(x)
For0 < x < 1, f(x) = 2kx (b) Find value of k

When x =0, f(x) = 2k(0) =0

Area under the graph =1
When x = 1, f(x) = 2k(1) =2k

For 1 < x <2, f(x) = k(3-x) Sxlx2k+5x1(k+2k) =1
When x=1, f(x) = k(3 - 1) = 2k
When x =3, f(x) = k(3 -2) = k k :%
Sketch
Alternatively
f(x) 1 2
” 2k [y xdx +k [[3—-x)dx =1
211 242
2k[S| +k[3x-%] =1
k 21g RE

k=2
5
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(b) Find the mean

EX) =2 f) x%dx + k [{x(3 - x)dx = 1

371 2 312
:i[x_] +f[3i_x_ — £=1_133
51L31p 51 2 314 15

a(l—cosx), 0<x <
T

11. Arandom variable X of a continuous p.d.f is given by f(x) =  gsinx, <x<

0, elsewhere
(i) Find value of a

T
a [2(1 - cosx)dx + a Jr sinxdx =1
n 2
alx — sinx]} + a[—cosx]z =1
2

2
a=—-
b

(i) mean, |
E(X) = %fgx(l — cosx)dx + %fzﬂ xsinxdx
2

T
= %foz (x — xcosx)dx + %fzﬂ xsinxdx
2

i T
2 [[x?]2 = 2 (.
== [—] — [2xcosxdx |+ =[x xsinxdx
m|l2]g 0 Toy

T T
2 |[x?]2 . > 2 ,
== [—] — [xsinx + cos x]2 | + = [—xcosx + sinx|%
m|L2 g T £y

T

s T
=2 [x— — (xsinx + cosx)]2 =1+Z
L2 0 4

i) P(E<x<)

T 31T
P (E <x< 3—”) =2 [2(1 — cosx)dx + = [* sinxdx =1
T
alx — sinx]z + a[—cosx]
3

=0.6982

SRS

kqx, 1<x<3
12. Arandom variable X of a continuous p.d.fis given by f(x) ={k,(4 —x), 3 <x<4
0, elsewhere
(a) Show that k, = 3k
Forl < x < 3, f(x) = ka(x)
f(3) = 3K1 coeerreenire e (i)
For3 < x < 4, f(x) =k, (4 — x)
f(3) =k,
Eqgn. (i) and eqn. (ii)
k2= 3k1
(b) Find (i) values of k; and k;

ky f13 xdx + 3k, f34(4 —x)dx =1
4

ta [2]) + 3k [ax -2 =1

SR
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(c) mean, n
=2 (3,2 St s —
E(X) =~ J; x*dx + ™ J3 x(4 —x)dx
2 [x3

z ?]j + 3k, [222 — ?]: = 2.485

13. Arandom variable X of a continuous p.d.f is given by f(x) =

Find
(a) The value of k (0O6marks)

fok (y+1) dy [_ +y]

z[(7+") - 0] =1

k*+2k—-8=0

(k +4)(k-2) =

Either

k+4=0;,k=-4

Or

k-2=0; k=2

k = 2 (since k is greater than zero)

(b) The expectation of Y (03marks)

E(Y) = [ ydy
—f [y+1] dy
=fo (y 4+ y) dy

1[y 212
T2 [? - _]

=[(E-3)-0]=2=1166

(c) P(1I<Y <£1.5) (03marks)
PISY < 15) = fls[y“]d

],

<[5 +15) = G+1)]
=§ (2.625 — 1.5)
=0.28125

Variance of X
For a continuous random variable with p.d.f, f(x)
Var(X) = EX2 = [E(X)]®> or Var(X) = E(X?) — u?

Where E(X?) = [ x%(x)dx and p = mean

y+1

1<y<k

elsewhere



20

Properties of variance

(i) Var(a)=0

(ii) Var(ax) = a?Var(x)

(iii) Var(ax + b) = a’Var(x)
(iv) Var(ax — b) = a®Var(X)

Where a and b are constants

Example 26

k(1-x2?), 0<x<1

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find

(i) the value of k

1 (iii) Var(X)
kf,(-x*)dx=1 1
- 2 2
o E(X2) = 1.5 [; x*(1 — x?) dx
k[x_?]():l %3 x51 1
=15[E-%] =2
k=1.5 3 51p 5
(ii) E(X) Var(X) = EX? — [E(X)]?
1 1 (3)\%2_ 19
E(X) =15 [ x(1 — x2) dx =-(3-=
x2 x*t 3
155 %] =5
Example 27
= <x<
A random variable x of a continuous p.d.f is given by f(x) = { g% Usxs4
, elsewhere
Find
(i) E(X)
1 4 1 (31 (iii) Standard deviation
E(X) =§f0 xoxdx =g [x?] =2.667
0 s.d=4/Var(X)
i) Var(X
(i) Vart) =v0.887 =0.942
1 (4 17t
E(X?) =5 Jy x%.xdx =3 [x;]; 8 (iv) Var(3x + 2) = 0.887 x 3 = 7.983
Var(X) = EX? - [E(X)]?
=8—(2.667)*=0.887

Example 28

4

—(5-— <x<
A random variable x of a continuous p.d.f is given by f(x) = {25 G-2x), 0sx=<25
0, elsewhere
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Find
(i) Mean
2 3 2.5
EX) = f*x (5 — 22) dox = = [ - 2 =033
(i) Standard deviation
2yt (25,205 _ _ 4 [et _2xttt
E(X) == f2°x%(5 2x)dx-25[3 ], =1os

Var(X) = EX2 - [E(X)]> = 1.041 - (0.5625) = 0.347
s.d =/Var(X)=v0.347 = 0.59

Example 29

“(1+x%), 0<x<1

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find

(i) Mean
N 2y <22+ 2 -
EX) =2 [ x(1+ x2) dx=2[=+ 4]0—0.5625
(ii) Standard deviation
223 (1,2 2y gy 2 3[F° LX)
EOC) =2 [ x2(1+ 22 de=2[E+ 5]0-0.4
Var(X) =0.4 —(0.525)2 = 0.835
s.d =v0.0835 =0.289
(i) P(IX — ul <o)
P(|1X — u| < g)=P(]X —0.5625 |< x < 0.289)
= P(0.2735 < x < 0.8515

310-8515

1+ xz)dx=—[x+—

3 0.8515 3 ]
4 310.2735

2702735 =0.583

Revision exercise 3

kx?, 0<x<4

1. A iabl f i .d.fisgi =
random variable x of a continuous p.d.f is given by f(x) {O, elsewhere

(a) Sketch f(x)

(b) Find (i) value of k (=) (ii) E(X) = 3 and var (X) = 0.6 (iii) P(1<X<2) = —
kx, 0<x<1
2. Arandom variable x of a continuous p.d.f is given by f(x) = {k(Z —x) 0<x<1
0, elsewhere
Find (i) constant k=1 (ii) E(X)=1 (iii) var(X) =§ (iv)P(0.75< X< 1.5) = ;—z (v) mode =1
—x%  0<x<3
3. Arandom variable x of a continuous p.d.fis given by f(x) =4 1 3<x<5
. <x<
0, elsewhere
(a) Sketch f(x)
(b) Find (i) E(X) = 3417 (ii) standard deviation = 1.008
i 1<x<3

4. Arandom variable x of a continuous p.d.f is given by f(x) = {x(4—x) ’
0, elsewhere
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(i) Show that k = —

Inx
.. . . _ .. _ i
(i) Find (i) E(X) = 2 (ii) var(X) = 4-mx
_ 2
5. Arandom variable x of a continuous p.d.f is given by f(x) = {k(ax x?), 0=sx<2
0, elsewhere

(i) Show that k = ——
6a—-8
(ii) Given that E(X) = 1, find the values of a (=2) and k(=0.75)
(iii) For the above values of a and k, find Var(X) = 0.2
12(x*—x3), 0<x<1

6. Arandom variable x of a continuous p.d.fis given by f(x) = {
0, elsewhere

Find the (i) mean = 0.6 (ii) standard deviation = 0.2

. . L E, 0<x<p
7. Arandom variable x of a continuous p.d.fis given by f(x) =1 8
0, elsewhere

I g _B B
Find (i) value of k (=1) (ii) mean = 2 (iii) standard deviation = G

S(r+1), 2<x<4

8. Arandom variable x of a continuous p.d.fis given by f(x) = {
0, elsewhere

o 37 . 47 ..
Find (i) mean = o (i) var(X) = Taa (iii) P(2.5 < x< 3) =0.234

9. Arandom variable x of a continuous p.d.f is given by f(x) = k(1-20)°% 2<x<4
0, elsewhere
Find (i) constant k = % (ii) mean =% (iii) standard deviation = 0.94
kx, 0<x<2
10. A random variable x of a continuous p.d.fis given by f(x) ={k(4—x) 2<x<4
0, elsewhere

1

Find (i) value of k =§ (i) E(X) =2 (iii) Var(X) =§ (iv) P(X< 1) ==

(iv) P(X<X<3) = g

Mode

This is the value of f(x) is maximum in the given range of x.

(i) The mode is obtained from % (fx)=0

. . . o d? .
The maximum value is confirmed |fﬁ (fx) = negative

(i) When a sketch of f(x) is drawn, the value of x for which f(x) is maximum gives the mode.
Note: for any line the mode can be determined from a sketch of f(x)
Example 30

- <x<
A random variable x of a continuous p.d.f is given by f(x) = {k((Z) + 04 = x), elsgw_h:r; 4
Find
(i) Value of k
k[ 2+x)(4-x)dx =1

kf:(8+2x—x2)dx=1



x3% 3
[8x+x— ?]O =1; k-&
(ii) Mode
d
= (fx)=0
23 (8+2x—x2)=0
dx 80
3
%(Z—Zx) =0;x=1
~mode=1
Example 30

A random variable x of a continuous p.d.f is given by f(x) =

23

Find
(i) Mean
6 1
E(X) = J, Ex2(6 — x)?%dx
-1 (° 2 _ 3 4
=5 Jy (36x% —12x3 + x*)dx
516
= [122% - 3x* + | =24
108 51
(ii) Standard deviation
E(X?) = foéﬁx3(6 — x)?%dx
_1 6 1 3 _ 4 5
=T55J0 To (36x3 —12x* + x°)dx
1 [gpr 122 290
“108 9x 5 T 6]0_7'2
sd=472—-(24)2=1.2
Example 31

A random variable x of a continuous p.d.f is given by f(x) = {

Find

(i) value k
f: ksinx dx = 1
k[—cosx]§ =1
k[-cosm- -cos0) = 1
k=1
T2

(i)  P(X2 g)

(iii)
(iv) Mean

E(x) = %fon xsinx dx

P(Z E) = fr sinx dx =k[—cosx]|%¥ = >
3 273 3 4

{ix(6 -x)?, 0<x<6
108

0, elsewhere

(iii) mode

d
= (x) =0

a1 )2 —
dx 108x(6 X) 0

a1 1942 3y
T (36x — 12x% + x°)=0

(36 — 24x + 3x2)=0
108

6—-x)2-x)=0
Xx=6orx=2
~mode=2o0r6

ksinx, 0<x<m
0, elsewhere
Sign derivative integral sign
+ X sinx
- 1 -COSX
+ 0 -sinx

= E(x)= %fon xsinx dx

[—xcosx + sinx]}

N =

NI
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(v) Var (X)

E(X?) =%f:x25inx dx

Sign Derivative Integral sign
+ x2 sinx
- 2x b -COSX
+ 2 ! -sinx
- 0 ! COSX

n_1pm o . 1 2 . o mi-4
= E(X?) == [ x?sinx dx == [—x?cosx + 2xsinx + 2cosx]f =——
270 2 0 2

2_
~Var(X) =7TT4

(vi) Mode
% G sinx) =0
%cosx =0
x = 90°
~mode ==
2
Example 32

kx, 0<x<6

A random variable x of a continuous p.d.f is given by f(x) = {0 elsewhere

(a) Sketch f(x) (b) value of k
When x= 0, f(x) = k(0) =0 Area under the graph =1
When x= 6, f(x) = k(6) = 6k 1
o X kx6x6=1
f
(x) k= 1
6k 18
(c) mode=6
0 6 X
Median

This is the value of f(x) for which f;nf(x) = 0.5; where m is the median, and a is the lower limit.
Example 33

1
= <x<
A random variable x of a continuous p.d.f is given by f(x) = { g% Osx=<4

0, elsewhere

Find the median

foméxdx =0.5
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[1—16 xz];n =0.5

™ 05 m=+v8 = +2.828

16

Median = 2.828 (since it falls in the range)

Example 34
%(x+2), —1<x<0
A random variable x of a continuous p.d.fis given by f(x) =< * (1-x) 0<x<10
S <x<
0, elsewhere

Find the median

Solution

We need to first integrate the first interval to check if it is = 0.5. if not the median lies in the second
interval

02 2 [x? 0 _
[Ra+2dx =2+ 2x]_1 =06

It shows that the median lies in the first interval
m 2 2 [x2 m

Then f_1§(x + 2)dx = 5[7-'- Zx]_1 =0.5

m=-0.129 or m =-3.871

the median =-0.129 since it lies in the range

Example 34
2x+1), -1<x<0
A random variable x of a continuous p.d.f is given by f(x) = 1(2 —x) 0<x<?2
3 <x<
0, elsewhere

Find the median

We need to first integrate the first interval to check if it is = 0.5. if not the median lies in the second
interval

02 2 [x? 0 1
J55 Gt Ddx = 3[7”]_1 =3

It shows that the median lies in the second interval

1 1 1
Then - + gfom(z—x)dx=5

ox - x;]:l: L m=0.268
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Revision exercise 4

— x2 <x<
1. Arandom variable x of a continuous p.d.f is given by f(x) = {kx(4 x7), 0=x=<2

0, elsewhere
Find
(i) value of the constant =0.25 (iii) mean = 1.067
(ii) median x =2.613 (iv) standard deviation = 0.442
kx, 0<x<1
2. Arandom variable x of a continuous p.d.fis given by f(x) = {k(Z - Xx) 1<x<2
0, elsewhere
Find
(i) constantk=1 (ii) median =1 (iii) mode =1
3. Arandom variable x of a continuous p.d.fis given by f(x) = {kx(4 —x%), 0<x<2
0, elsewhere
Find
(i) value of the constant =% (iii) mean = 1.0667
(ii) median x =2.6131 (iv) standard deviation = 0.4422
a, 2<x<3
4. Arandom variable x of a continuous p.d.f is given by f(x) = {a(x —2) 3<x<4
0, elsewhere

(a) sketch f(x)
(b) find (i) constant a = 0.4 (ii) median, m = 3.225 (iii) P(2.5 < x < 3.5) =0.65

B, 0<x<?2
5. Arandom variable x of a continuous p.d.f is given by f(x) = {[)’(3 —-x) 2<x<3
0, elsewhere
Find (i) value of B =0.4 (ii) mean = g (iii) standard deviation =; (iv) P(X<u —0) =0.207
x2, 0<x<1
6. Arandom variable x of a continuous p.d.f is given by f(x) = % 1<x<k
0, elsewhere
(i) Sketch f(x)
.. N 7. 49 . . 4
(ii) Find (i) value of k = 3 (ii) mean = % (iii) median = 3
kx, 0<x<1
7. Arandom variable x of a continuous p.d.f is given by f(x) = {k 1<x<2
0, elsewhere

(i) Sketch f(x)

(i) Find (i) value of k = % (ii) mean =22 (iii) median = 1.25 (iv) P(IX — m|>0.5) =~
2k(x + 1), -1<x<0
8. Arandom variable x of a continuous p.d.f is given by f(x) = {k(Z - X) 0<x<2
0, elsewhere

(i) Sketch f(x)

(i) Find (i) value of k = é (i) mean =§ (iii) Var(X) = 138 (iv) mode =0
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Cumulative distribution function, F(x)

The cumulative distribution function F(x) is defined by F(x) = f; fx)dx

Steps in finding F(x)

- For each interval, integrate its function from lower limit to x with respect to x.
- Substitute the upper limit in the integral and carry it forward to the next interval
- Continue the process until when the last upper limit has been substituted to get a 1.

Example 35

“(x+1), 1<x<3

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere
Find F(x)

Solution
X

-H{E - E )

F(x)=%f1x(x+1)dx= %[x;+x]

CRCRSED

F(3) = (? +3-3)=1

0 <1

1 (x? 3
sF={i(E+x-3), 1=x<3

1, x =3
Example 36

21 =x)2 <x<
A random variable x of a continuous p.d.f is given by f(x) = {26 A-x7 2Zsxs4
0, elsewhere

Find F(x)

X

F(x) = %fzx(l — x)%dx= 23—6f2x(1 —2x +x¥)dx = 23—6 [x —x%+ X;]

A CRE  R CREEE )| - { CRESE

F4) =(4— 4% + § ~2)=1

2

0 xX<2
3
~ F(x) = 23—6(x—x2+%—§), 2<x<3

1, x =>4
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Example 37
x, 0<x<1
A random variable x of a continuous p.d.fis givenby f(x) ={(2—x), 1<x<2
0, elsewhere
Find F(x)

X
For0<x <1, F(X)zf;xdx: [%]0 B

1?2 1
F(l):;:E

For1SxSZ;F(x)=%+f1x(2—x)dx= %+ [Zx— J52—2]3:=%+{(2x— xz—z)—(Z— 1;)}

22
Hw_(mz—-?)—1_1
( 0 x <
2
%, 0<x<1
F(x) = 2
(x—1)—1, <x<2
2
1, X =2
Example 38

) 0<x<2
A random variable x of a continuous p.d.f is given by f(x) =

ulNnNGg N

B3-x), 2<x<3
0, elsewhere
Find F(x)

ForOSxSZ,F(x)%fOxdx: é[x]f)‘:é{x—O}:éx

For2<x <3, F(X)=§+ %fgc(?)—x)dx=§+ §[3x—x—2]x=§+ %(Sx—xz—z)—(SxZ—Z)

21y 2
2 x? 4
i =2 (36 - %) =5
2 32 4
F(3) —E (3x3 - ?) - E_ 1
(0 X<
Jém 0<x<2
F(x) =17, X2\ 4
| 2(3x-2)-2, x<3
1, x =3
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Finding the median, quartiles and probability from F(x)

- The median is the value of m for which F(m) = 0.5
- The lower quartile is the value q; for which F(qi1) = 0.25
- The upper quartile is the value g3 for which F(qgs) = 0.75

Example 39

The continuous random variable X has a cumulative distribution function given below

0 x<0
2
F(x) = % 0<x<4
1 x =4

Find
(i) P(0.3£X<1.8)
1.8%2 032
P(0.3s X<1.8)=F(1.8)—F(0.3) = o 16 - 0.197

(ii) Median, m
F(m)=0.5

2

== 0.5;m = +2.828

median = 2.828 (since it is within the range
(iii) Interquartile range

F(qs) = 0.25

ai _ 0.25; g =2

16 e

F(gs) = 0.75

a3 _ o —

2= 0.75; q3 = 3.464

Interquartile range = 3.464 — 2 = 1.464

Example 40
0 x<0
The continuous random variable X has a c.d.fgivenby F(x) ={2x —x? 0<x<1
1 x =4
Find

(i) F(X<0.5)
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F(X<0.5) = F(0.5) — F(0) =(2(0.5) — (0.5)%) — (2(0) — (0)?)=0.75

(ii) Median, m
F(m)=0.5
(2(m) — (m)*) =05
m?—-2m+05=0
m=1.71orm=0.293
m = 0.293 (since it is in the range)
(iii) Interquartile range
F(g1) =0.25
2q; —q? = 0.25; q; = 0.134
F(qs) =0.75
2q; —q5 = 0.75; g3 = 0.5
Interquartile range = 0.5-0.134 = 0.366

Example 40
The cumulative distribution function is given by F(x) =

Find

(i) P(1<x<2.5)
P(1<x<2.5) =P(2.5)-P(1)
2.52 12
—T+ 2x 25 -2 —z =0.75
(i) Median, m

P(0<x<2)=F(2)-F0)
_2%2 0% _2

6 6 3
Sinceg > (.5 the median lies between 0 < x < 2
F(m) =0.5

2
T =05

6
m==+1.73

Median =1.73

Revision exercise 5

3
1. The random variable X has a probability density function f(x) ={gx
Find
(i) Sketch F(X)
0 x <2
(ii) Cumulative distribution function; F(x) = %x3 0<x<?2
1 x>0

(iii) Median, m = 1.59

2

0<x<?2

elsewhere
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1
The random variable X has a probability density function f(x) ={Z (4-x) 1sxs3

0 elsewhere
Find
0 <
(i) cumulative mass function; F(x) = %(Sx -x2-7) 1<x<3
1 x =3
(ii) P(1.5SxS2)=%
(iii) median, m = 1.764
(iv) sketch F(x)
. . . . _(k 1<x<6
The random variable X has a probability density function f(x) —{0 elsewhere
Find
() Valueofk==:
0 x<1
(ii) Cumulative function, F(x) = %(x -1 1<x<6
1 xX=6
(iii) Interquartile range =2.5
. 0<x<2
The random variable X has probability density function f(x) =< 1 (2x—3) 2<x<3
" <x<
0 elsewhere
Find
{ 0 x<1
. 0<x<2
(i) Cumulative function, F(x) = ¢ ;
Z(x2—3x+4) 2<x<3
1 x =3
(ii) Median, m=2
(iii) Sketch F(x)
0 x<0
The random variable X has a cumulative distribution function, F(x) ={x* 1<x<1
1 x=>1
Find
(i) P(0.3<x<0.6)=0.1215
(i) Median, m = 0.841
(iii) The value of a such that P(X>a) = 0.88
2 0<x<3
The random variable X has a probability density function f(x) ={3 SXs
0 elsewhere

Find (i) E(x) = 1.5  (ii) Var (X) = 0.75 (iii) P(X> 1.8) =0.4 (iv) P(1.1 < x <1.7) =0.2

0 x<0
(v) cumulative distribution function, F(x) = %x 0<x<3
1 x =3

kx? 1<x<2

The random variable X has a probability density function f(x) :{
0 elsewhere

Find
=3

(i) Value of k = - (i) standard deviation = 0.272 (iii) median, m = 1.65
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0 x<1
(i) Cumulative mass function, F(x) = %(x 3-1) 1<x<?2
1 x =2
_ .2
The continuous random variable X has a p.d.f given by f(x) :{k(4 x7) Osx=<2
0 elsewhere
Find (i) constant k (= 13—6) (ii) E(x) :2 (iii) Var(X) = 5 (iv) median = 0.695
0 x<0
(v) cumulative distribution function, F(X) = %x - %x?’ 0<x<2
1 x =2
(vi) = P(0.69 £ x<0.7)=0.007
x 1<x<3
The continuous random variable X has a p.d.f given by f(x) ={ 6 -0 =
0 elsewhere

(i) Sketch f(x)

(ii) Find the mean = %
(iii) Find m such that P(X<m) 0.5; m=2.16
(iv) Determine cumulative function, F(X) and sketch it
0 x<0
FX)={:x+—x2—= 1<x<3
5 12 4
1 x =3
A factory is supplied with flour at the beginning of each week. The weekly demand, X thousand
tones for flour from this factory is a continuous random variable having a probability density
. k 1<x<3
function f(x) = - =
unction f(x) {O elsewhere
Find
(i) Value of k=5
(ii) Mean ofx=%
(iii) Variance ofx=i
252
: 0<x<1
The continuous random variable X has a p.d.f given by f(x) = x; 1<x<2
0 elsewhere
Find
( 0 x<0
X 0<x<1
(i) Cumulative mass function, F(x) and sketch it F(x) = P
3 + % 1<x<?2
kl x =2
(ii) Median, m=1.565 (iii) interquartile range = 0.821
—3<x<
The continuous random variable X has a p.d.f given by f(x) ={k(x +3) 3=x=3
0 elsewhere

(a) Show thatk = —
18

(b) Find (i) E(x) =1, (ii) Var (x) =2 (iii) Lower quartile, q1 =0

(c) Given that E(ax + b) = 0 and Var(ax+b) = 1, find the values of a and b where a>0 (a = b) = ~

V2
kx 0<x<8
The continuous random variable X has a p.d.f given by f(x) ={8k 8<x<9
0 elsewhere

(a) Sketch f(x)
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15.
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17.

18.

Find
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(b) Find value of k = 0.025 (ii) P(X>6) =0.55
0 x<0
0.0125x 0<x<8

() FindFX)==45r 08 8<x<9

1 X=9
)
The continuous random variable X has a p.d.f given by f(x) ={ax bx O0sx=<2
0 elsewhere
If E(X) =1, find
(i) values of a and b (a= 1.5, b=0.75) (ii) Var(x) =0.2
0 x <0
(ii) F(X)=40.75x% — 0.25x3 0<x<2
1 x=2
k
The continuous random variable X has a p.d.f given by f(x) ={; lsx=<9
0 elsewhere
Find (i) value of k =0.455, (ii) median =3 (iii) mean =3.64 (iv) Var(X) =4.95
0 x<1
1
(v) F(X) = mlnx 1<x<9
1 x=>9
20 305 _
The continuous random variable X has a p.d.f given by f(x) = {55 w5 —w) Osws5
elsewhere

Find (i) P(2<w<5) =0.5 (ii) mean =3.33 (iii) Var(X) =0.794 (iv) mode =3.5

0 w<0
4
W FX)=={2@25-w) 0<x<5
1 w =5
kx 0<x<1
The continuous random variable X has a p.d.f given by f(x) = {k(4 —x?) 1<x<?2
0 elsewhere
Find (i) value of k = % (ii) E(X) = 1.1923 (iii) Var(x) =0.1399
( 0 x<0
Sy 0<x<1
(V) F(x) = { P
E(Z4x—2x3—19) 1<x<2
1 x =2

The probability density function f(x) of a random variable x takes on the form shown in the
diagram below

(i) Expression for f(x)
(ii) F(x), cumulative distribution function

(iii) Mean =§ and Var(x) =§
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Finding f(x) from F(X)

f(x) can be obtained from; f(x) = d%F(X)

Example 41
0 x<0
3
The continuous random variable X has a c.d.f F(X) = % 0<x<3
1 x=>3

Find the probability density function f(x) and sketch f(x)

x3) _3x% _ x?
27

=5 F0 = G) =5 =% f(x)

9

x2 1
() = {— 0<w<3
0 elsewhere

02
Whenx=0,f(x)=?= 0

32 X
Whenx:3,f(x):?= 1
Example 42
0 x<0
The continuous random variable X has a c.d.f F(X) = { kx3 0<x<4
1 x =4
Find
(i) Value of k
F(4)—F0)=1
3\ 1. =L
K(4°)=1; k =
(ii) Probability density function, f(x)
d d x3 3x?
f(X) _EF(X) _E a = Z
32 o<w<4
f(x) = { 61 s=ws
0 elsewhere
Example 43
( 0 x<0
2x — 2x? 0<x<0.25
The continuous random variable X hasac.d.fF(X)=<a + x 025<x<05
Lb+2x2 —x 05<x<0.75
1 x = 0.75
Find
(i) Value of constantsa and b

For 0 < x < 0.25, F(X) =2x — 2x2
F(0.25) =2x0.25 — 2(0.25)? = 0.375
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For 0.25 < x < 0.5; F(X) =a+x

F(0.25) =a +0.25=0.375

a=0.125

For 0.5 <x < 0.75;F(X)=b + 2x% — x

F(0.75)=b +2(0.75)*-0.75=1; b = 0.625
(ii) Probability density function f(x)

d
fx) = == F(X)

2—4x 0<x<0.25
x) = 1 025<x <05
4x — 1 05<x<0.75
0 elsewhere

(iii) Mean = 0.375

Revision exercise 6
1. The continuous random variable X has cumulative distribution function

0 x <2
F(X)== {0.25x - 0.5 2<x<6
1 xX=>6
Find the

1
(i) probability density function f(x); f(x)= { 4 2sxs6

0 elsewhere
(ii) E(X)=4 (iii) interquartile range = 2 (iv) sketch f(x)

2. The continuous random variable X has cumulative distribution function

0 x<0
FMF={ﬁ 0<x<1
1 x=>1
Find (i) median (m=0.794) (ii) mean (u=0.75)
3. The continuous random variable X has cumulative distribution function

0 x<0
Hm:%—kﬁ 0<x<2
1 x=2
Find the (i) value of k= 0.25, (ii) median (m=0.586) (iii) variance of x (Var(x) = g)

(iv) probability density function; f(x) :{1 —0.5x Osx=<2

0 elsewhere
4. The continuous random variable X has cumulative distribution function
0 x<0
% 0<x<1
F(X) =
§+k 1<x<?2
1 x =2

Find (i) value of k :é (ii) mean (u = Z) (iii) standard deviation =0.5528
(iv) P(lu — o] < o) =0.608

§ 0<x<2
(v) p.d.f; f(x) = 1o1sxs2 (vi) sketch f(x)
0 elsewhere

5. The continuous random variable X has cumulative distribution function
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( 0 x <1
_1\2
G 1<x<3
F(X) = { o
M 3<x<7
k 24
1 x=7
Find
“(x—1) 1<x<3
(i) probability density function, f(x) = 1_12 (7 — x) 3<x<7
0 elsewhere

(ii) sketch f(x) (iii) mean of X (u = %) (iv) Var (x) = 1794 (v) median of X (m= 3.45)
(vi) P(2.8 <x<5.2) =0.595

The continuous random variable X has cumulative distribution function

0 x < -1
%? —1<x<0
Fx)={ 252 0<x<2
L%? 2<x<3
1 x =3

Find (i) probability density function, f(x) (ii) P(3< 2x < 5) (iii) mean and variance
The continuous random variable X has cumulative distribution function

0 x<0
ax 0<x<1
FX)=y 245 1<x<1
3
1 x> 2

Find (i) values of a and (azg; B = %) (i) mean (u = Z) (iii) Var(X) = g

(iv) P (X < 1'5/X > 1)= 0.4998 (v) probability density function, f(x) and sketch it

The continuous random variable X has cumulative distribution function

0 x <1
2_
= x 1<x<2
FX)=4 *
3x — ? 2<x<3
1 x =3
Find
(i) Probability density function, f(x) and sketch it

(ii) P(1.2<x<2.4)=0.8
(iii) Mean (U =2)
The continuous random variable X has cumulative distribution function

[0 x<0

K y2 0<x<2
F(X) = { 2

k(6x —x? — 6) 2<x<3

1 x =3

(a) Determine the value of k = % Hence sketch graph of F(X)

(b) Find the probability density function.
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Uniform or rectangular distribution

A continuous random variable X is said to be uniformly distributed over the interval a and b, if the

1
p.d.fis given by f(x) ={ b-a asxsb
0 elsewhere
Graph of f(x)
f(x)
1
b—-1
a b X
Example 44

X is uniformly distributed between 6 and 9.

(i) Write the probability density function
1
f(X) ={ a 6<x<9
0 elsewhere

(ii) Find P(7.2 <x< 8.4)

P(7.2<x<8.4)=["*1

—1r.184 _
72 30X =3 [x]55 =04

Example 45

X is uniformly distributed between 0 and %

(i) Write the probability density function
ni 0<x<ZI
fx) =) 270 2
0 elsewhere
. . T Vs
(ii) Find P(§<x<5)
i T[22, =2[,12=1
(iii) P(3<x<2-fgﬂdx—ﬂ[x]g—3

Expectation of X, E(x)

b b 1 1 1 (b+a)(b—a)  (b+a)
E(x)= fa xf (x)dx =fa pog Xox = 2(b-a) [x*]a -a) (b* —a*) = 2-a) 2

Variance of x, Var(X)

2 2
R N

_ (b-a)(b*+ab+a?) [(b+a)]2 _ (b-a)(b*+ab+a?)  b*+2ab+a?
- 3(b-a) 2 - 3(b—a) 4

_ 4b2%+4ab+4a?-3b%*—6ab—3a? b2-2ab +a? _ (b-a)?
- 12 - 12 12
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Example 45

X is a rectangular distribution between -g and g

1 s s
T I3 ——-<x=<-
(i) Write the probability density function; f(x) = 5—(—5) 2 2
0 elsewhere
G+(-3)
(ii) Find the mean = (b;a) =2 (2 ) =0
T T 2
—a)2 —(-Z 2
(iii) Find the variance of x = 2=~ = [2 ( 2)] =L
12 12 12
Example 46
Xis a rectangular distribution between over the interval =3 < x < —1
Find
() P(2sxs-15)= [ dx =2 ()3 =
(ii) Mean = (b;a) = (_1+2(_3)) = =2
_(b-a)* _ (-1--3)> 1
(iii) Var(x) = S T T3
Revision exercise 7
1. Xfollows a uniform distribution with probability density function f(x) ={0 k 3eiexwfze6re

Find (i) value of k = % (i) E(X) = 4.5 (iii) var(X) = 0.75 (iv) P(X>5) = §
2. Xisdistributed uniformly over -5 < x < -2
Find (i) P(-4.3 < X<-2.8) = 0.5 (ii) E(X) =-2.5 (iii) standard deviation = 0.865

1
3. The continuous random variable has a probability density function f(x) ={ 4 lsx<k
0 elsewhere
Find (i) value of k =5 (i) P(2.1 < X< 3.4) =0.325 (iii) E(X) =3 (jv) Var (X) = 1§
1
4. The continuous random variable has a probability density function f(x) ={§ 32=x=37
0 elsewhere

Find the probability that y lies within one standard deviation of the mean=0.577
5. The continuous random variable X has cumulative distribution function

0 x <2
FX) = % 2<x<7
1 x=>7

Find (i) E(X) = 4.5 (i) Var(X) = 2
6. The continuous random variable X is uniformly distributed in the interval a < x < b. the lower
quartile is 5 and the upper quartile is 9. Find
(i) Values ofaand b (a=3, b =11)
(i) P(6<X<7)=0.125

0 x <3
(iii) Cumulative distribution function; F(X) = %3 3<x<11
1 x=>11

7. The number of patients visiting a certain hospital is uniformly distributed between 150 and 210
(i) Write down the probability density function of the number of patients



(ii)

210-150
0 elsewhere
Find P(170< x< 194) = 0.4

1
) = {— 150 < x210
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